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Abstract. Let G be a 2-group of order 2" , ra 6, and nilpotency class n — 2. 
The invariants of such groups determined by their group algebras over the field 
of two elements are given in the paper. 



1. Introduction 

Let p be a prime. We say that a finite p-group G of order has the coclass 
k if the nilpotency class of G is equal to n — fc. The p-groups of coclass fc = 1 
and k = 2 are called the p-groups of maximal class and of almost maximal class 
respectively. The natural partition of the class of all p-groups into a series of 
well-behaved families of p-groups of fixed coclass has proved to be one of the most 
fruitful ideas of classifying p-groups (see But the full description of p-groups by 
generators and relations within each family was obtained only for a small number 
of families. It is well known for {p,k) G {(2, 1), (3, 1)} and can be derived for 
(p,fc) e {(2, 2), (2, 3)} from (see also 0). 

Here we study the internal structure of 2-groups of nilpotency coclass 2 count- 
ing the important invariants of these groups. The work, though motivated by the 
Modular Isomorphism Problem (MIP) for finite p-groups is of independent interest. 
Recall that the MIP asks whether, for given finite p-groups G and H, the isomor- 
phism of the group algebras FG and FH over a field F of characteristic p implies 
the isomorphism of G and H. The problem was posed more than 50 years ago and 
for a long time there was rather small progress in studying it. The state of the 
problem in the end of the nineties in a more general context is briefly described in 
(see also [H] and [T], 0, [El, [Hj, Hlj, [El). One of the last results known 
to the authors are that of Wursthorn saying that the groups of order 2^ and 2'' 
are determined by their modular group algebras over GF{2) (see 13 El)- He used 
computer programs in studying the problem for groups of small order, which are 
classified and have descriptions usable by computers. In December 2002 the au- 
thors were informed that the problem was solved positively for group algebras of 
all p-groups over the field F = GF{p) (|i4i, ^). 

Throughout, p will denote a fixed prime. If G is a p-group then G' ~ (G, G) is 
the commutator subgroup of G, $(G) is the Frattini subgroup, G^ is the subgroup 
generated by p-th powers of all elements of G and fli{G) is the subgroup generated 
by all elements of order not bigger than p^. By ^i{G), i ^ 2, we mean the i- 
th term of the lower central series of G (72(G) — G'); by 71(G) we mean the 
subgroup Gg(72(G) mod 74(G)); if g G G and X C G, then {X,g) denotes the 
set of commutators {{x,g) : x e X}. By d{G) we denote the minimal number 
of generators of G, that is d{G) — log (|G/<1>(G)|). The center of G we denote 



^The proof given in the paper appeared to be incorrect, so the MIP remains open. 

1 



2 



CZESLAW BAGINSKI, ALEXANDER, KONOVALOV 



by C{G)- If g,h G G then = h^^gh and Cg is the conjugacy class of g, i.e. 
Cg — {g^ : h e G}. The set of all conjugacy classes of G will be denoted by Cl{G). 
If S* is a normal subset of G then GIq{S) is the set of all conjugacy classes of G 
contained in S. 

We use {x,y) — x^^y^^xy for the group commutator of elements x and y of 
a group. The group commutator of weight n, n > 2, we define inductively by 

{xi,X2,.-.,X„) = {{xi,X2, ■ . ■ ,Xn-l),Xn)- 

For a p-group G we will denote by R[G) the Roggenkamp parameter 

E ^(Cg(5.)), 

i=l,...,t 

where gi,...,gt is a set of representatives of all conjugacy classes of G. This 
parameter was introduced by Roggenkamp and described in |14j . where it is 
proved that R{G) is determined by the modular group algebra. We will also use 
notation Rg{S) for 

E diGcih,)), 

2— 1,...,S 

where hi, . . . ,hs is a set of representatives of the conjugacy classes of G contained 
in the normal subset S of G. 

If G is a finite p-group then by p the number of conjugacy classes of maximal 
elementary abelian subgroups of given rank is determined by FG. By the Quillen 
parameter of G we mean a series Q{G) = (gi,g2,---)j where qi is the number 
of conjugacy classes of maximal elementary abelian subgroups of rank i. Since 2- 
groups of nilpotency coclass ^ 2 do not contain elementary abelian subgroups of 
rank bigger than 4, we will write the Quillen parameter in the form (51, (72, 93, 94)- 

In the paper we count the isomorphism class of the centers, the numbers of 
conjugacy classes, the Quillen parameters and the Roggenkamp parameters of all 
2-groups of nilpotency coclass 2. From this follows that the last two parameters 
determine almost all the groups. 

Theorem 1.1. Let G and H be groups of order 2", n ^ 8, and nilpotency class 
n -2. If Q{G) = Q{H) and R{G) = R{H) then either G ~ H or {G,H} C 
{Gg, Gi3, G14} or {G, H} = {G24, G25}. 

It appears also that the numbers of conjugacy classes does not give more infor- 
mation about differences between these groups and the isomorphism class of the 
center allows only to exclude Gg from the first set in the theorem. 

Using the fact that every metacyclic p-group G is determined by the modular 
group algebra FG over the field F ~ GF{p) and some additional argu- 

ments one can prove the following theorem. 

Theorem 1.2. Let F — GF{2) be the field of 2 elements and let G be a group of 
order 2", n ^ 8, and nilpotency class n — 2. Then FG ~ FH ^ G H , provided 
{G, H} ^ {G24, G25} 

As we were informed by W. Kimmerle for 71 = 8 it was checked using a computer 
that FG24 is not isomorphic to FG25. 

2. Presentations of groups of almost maximal class 

Following 0, [HI and jH], 2-groups of almost maximal class of order 2",n > 4, 
are classified. However, the full list of presentations of these groups by generators 
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and relations was not published. In and [H] some groups were omitted. In |H] 
there is given the list of pro-2 presentations of pro-2 groups of coclass < 3. Using 
both approaches first we give the list of all groups of nilpotency coclass 2 and 
order 2", n > 4. According to 8 they are divided into five families with numbers 
7,8,9,50,59. We will use the same numbers of the families and denote them by 
Famk, where k G {7, 8, 9, 50, 59}. For our purposes the presentations derived from 
the pro-2 presentations of pro-2 groups are more convenient than ones that were 
given in James' paper. 

2.1. 2-groups of almost maximal class v^rith cyclic commutator subgroup. 

Theorem 2.1. Theorem 5.1) There are precisely 6 groups of order 2", n 5^ 4, 
and class n — 2 with G/"f2{G) elementary abelian and 72(G) cyclic. They form 
Fam59 and are given by the following presentation: 

(x, y,t : = t^ = 1, y^ ~ zi, x^ — x^^ Z2, x^ — xz^, t^ — tz^ 

where the values of Zi, 1 ^ i 4, for particular groups Gm, 1 ^ m ^ 6, are such 
as in the following table. 





Gi 


G2 


G3 


G4 


G5 


Ge 




1 


1 


X 


2>.-:i 

X 


1 


X 


Z2 
Z3 


1 
1 


X^ 

1 


1 
1 


1 
1 


1 

X^ 


1 


Z4 


1 


1 


1 


X^ 


1 


1 



Table 1. 



Theorem 2.2. Theorem 5.2) The number of groups of order 2", n ^ 5, and 
class n — 2 with G/^2{G) of exponent 4, 72(G) cyclic and 7i(G')/72(G) cyclic is: 

3, if n = 5, 
6, ifn>5. 

They form Fam9 and are given by the following presentation: 

{x, y,t : x^ ^ t^ ^ I, y^ ~ Zl, x^ = x^^ Z2t, = xz^, t^ — tz^) 

where the values of Zi, 1 ^ i ^ 4, for particular groups Gm, 7 ^ m ^ 12, are such 
as in the following table (for Gg, Gn and G12 we have n > 5). 





G7 


Gs 


Gg 


Gio 


Gil 


G12 


Zl 


1 


X 


1 


1 


1 




Z2 


1 


1 


X^ 


1 


X'^ 


X'^ 


z?, 


1 


1 


1 


2^-3 
X'^ 


2^-3 
X'^ 


2.1-3 

X'^ 


Zi 


1 


1 




X'^ 


1 


1 



Table 2. 
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Theorem 2.3. ( 5 ,Theorem 5.3(a)) The number of groups of order 2", n ^ 5, and 
class n~2 with G/^2{G) of exponent A, 72(G) cyclic and ^i{G) / ^2{G) elementary 
abelian is: 

{3, if n ^ 5, 
4, if n> b. 

They form FambO and are given by the following presentation: 
{x,y : x^ =1, y'^ ^ Zl, x^ ^ x~^Z2), 

where the values of zi and Z2 are such as in the following table (for Gig we have 
n> 5). 





G13 


Gi4 


G15 


G16 


Zl 
Z2 


1 
1 


1 

X 


X'' 

1 


1 

X 



Table 3. 



2.2. 2-groups of almost maximal class with 2-generated commutator sub- 
group. 

Theorem 2.4. (IHIjlHly' The number of groups of order 2", n ^ 5, and class n ~ 2 
withG/^2{G) of exponent 4, "f2{G) 2-generated and ^i{G)/^2{G) elementary abelian 
is 

{3, ifn^h, 
4, ifn = Q, 
9, ifn>6,n odd, 
10, if n > 6, n even. 

They form Fam8. 

The description of the groups of Fam8 by generators and defining relations is 
more complicated than in the previous families. Let |G| = 2" = 2^'^+^+'^, n ^ 6, 
e e {0, 1}. Each of the groups of Fam8 can be described as the group 

{xi,X2,y : 

^ ^ 2''^' 2* 1 4 J- a y —2 —1, xi , \ 

XI — X2 — I, y —ti, XI — X1X2, X2—X1 X2 t2, 2:2 =2:213), 

where ti,t3 G {1, zi}, t2 e {1, zi,Z2, Z1Z2}, e G {0, 1} and: 

II e = 0, then zi — X2 , Z2 — x^ ; 

if e = 1, then zi — x\ , Z2 — x\ 
The values of ti [i — 1,2,3), for the groups G„i, 18 ^ m ^ 27, are given in the 
following table. Note that for e = 1 the groups G24 and G25 are isomorphic. 





G18 


Gi9 


G20 


G21 


G22 


G23 


G24 


G25 


G26 


G27 


tl 


1 


Zl 


Zl 


1 


Zl 


1 


Zl 


1 


1 


Zl 


t2 


1 


1 


Zl 


1 


1 


Zl 


Z2 


Z1Z2 


Z2 


Z1Z2 


h 


1 


1 


1 


Zl 


Zl 


1 


1 


1 


Zl 


Zl 



Table 4. 
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For n = 5 we have only the groups Gis, Gig and 

I |8 4i4 4a 2 y —2xi — 12\ 

for n = 6 we have only the groups Gis, Gig, G20 and G23. 

Accordingly to the definitions from |l2j| , Gis is the mainline group of this family 
with the immediate descendants Gig — G22 (which are terminal) and G23 (which 
have 4 immediate terminal descendants G24— G27 if e — 0, and 3 immediate terminal 
descendants G24 — G27 with G24 = G25, if e = 1). 

2.3. 2-groups of almost mELximal class with 3-generated commutator sub- 
group. 

Theorem 2.5. (ini;IH]y' The number of groups of order 2", n > 6, and class n — 2 
withG/^2{G) of exponent 4, ^2{G) S-^eneraterf anrf 71(G) /72(G) elementary abelian 
is 

2, ifn = 6, 
< 4, if n > 6, n odd, 
12, if n > 6, n even. 

They form Fanil . 

The groups of Fam7 have the most complicated description by generators and 
defining relations among all 2-groups of coclass 2. 

Assume first that |G| = 2" = 22'=+^, n ^ 6, that is G = G^, where 28 ^ m < 39. 
Each of these groups can be described as the group 

{xi,X2,y : 

V / fjfc + l r^k — 1 fjfc J XI O 11 2 1 \ 

XI — 1, X2 — xf , y — ti, XI ~ y xiX2t2, X2 = x^ ^3, X2 — X2 ^4), 

where ti,t2,t3 G {l,zi}, t4 G {1, 21,^2}, zi — xf" — x'f \ 2^2 = x'f ^ x"^ ^. The 
values of ti (i ~ 1, 2, 3, 4) for particular groups are given in the following tabic: 





G28 


G2g 


G30 


G31 


G32 


G33 


G34 


G35 


G36 


G37 


G38 


G39 


tl 


1 


1 


Zl 


Zl 


1 


1 


Zl 


Zl 


1 


1 


Zl 


Zl 


t2 


1 


Zl 


1 


Zl 


Zl 


1 


Zl 


1 


1 


1 


Zl 


1 


h 


1 


1 


1 


1 


1 


1 


1 


1 


1 


Zl 


1 


1 


ti 


1 


1 


Zl 


Zl 


Zl 


Zl 


1 


1 


Z2 


Z2 


Z2 


Z2 



Table 5. 



Note that for n — Q we have only groups G28 and G2g. 

For further calculations we derive additional helpful relations. For 28 ^ m ^ 35 
in a group G = Gm we have 

(3) x\ = Xi'^X2tl, {x\y = Xi'^ti, (Xi)^ = X2t4, x\ = X2^ti. 

If 36 ^ TO 39 then 

(4) x\ — Xi^X2tlt3Zi, {xly —Xi'^ZiZ2, {x\Y = X2tzZ2^ x\ —X2^Z2- 



If \G\ = 2" = 22'=+3, n > 6, that is G G {G40, G41, G42, G43}, the groups of 
Faml can be described in a little simpler way: 

{xi,X2,y : 

^ ' 2^^^ 2'^' 1 4 4- y 2 y —2 xi — 1 , \ 

— — -L, y — ^1; X-^ — y Xj^X2t^ "^2 — ' "^2 — "^2 ^4/ 
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where ii,t4 G {l,z}, z ~ X2 ■ The values of ti and for particular groups 
are given in the following table: 





G40 


G41 


G42 


G43 


tl 


1 


z 


1 


z 


u 


1 


z 


z 


1 



Table 6. 

The relations © are valid also for these groups. 

The group G40 is the mainline group with the immediate descendant G28 which 
is mainline and seven immediate descendants G29-G35 which are terminal. The 
groups G41 and G43 are terminal, G42 is capable with four immediate descendants 
G36-G39 which in turn are terminal. All the groups G40-G43 are immediate de- 
scendants of the mainline group G28- 



3. Groups with cyclic commutator subgroup 

In this section we describe properties of the groups defined in Theorems 12.11 
and 12.31 All these groups are extensions of a noncyclic group of class at most two 
with a cyclic maximal subgroup by the group of order 2. 

Let G — Gm, 1 ^ m ^ 16. We let A be the subgroup of G generated by the 
elements x and t (for m G {13, 14, 15, 16} we put t — y^). The following lemma is an 
easy observation obtained by a straightforward computation from the presentations 
of groups. We assume that all the groups G„i have order p", where n ^ 5. 



(a) 72(G) = 



(C) ({Gm) 



Lemma 3.1. Let G ^ Gm ^ Fam9 U Fam50 U Fam59. Then: 

' (a;2 } «/ G G Fam50 U Fam59 
{xH) tfG<EFam9 
(b) Ifi^i then 7,(G) = (a;^'"'),- 

{x^"'\t) for m G {1, 2, 3, 7, 8, 13, 14}, 

{x^" ^t) for m G {4,9}, 

{y'^) fof ™ = 15, 

c^""'} /or TO G {5,6, 10,11,12,16}; 

(d) \G:A\=2 and Vli{A) = (x^""' , t) is an elementary abelian normal subgroup 
of G of order 4; 

(e) If A is nonabelian then 72(^) = {x'^ }, C(^) = (a;^), in particular the 
nilpotency class of A is not greater than 2. 

For counting the Roggenkamp and Quillen parameters of our groups we need 
information about the conjugacy classes of elements of order 2 lying outside A. 

Lemma 3.2. Let G ^ Gm & Fam9 U FaTO50 U FaTO59. 

(a) The set G\A splits into the following four COTljugdCy cIclSSGS.' Cy-, Cyxf Cyt ^ 

Cyxt • 
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(b) The orders of the elements y,yx,yt,yxt are given in the following tables. 





Gi 


G2 


G3 


G4 


G5 


Ge 


G7 


Gg 


Gg 


Gio 


Gil 


G12 


y 


2 


2 


4 


4 


2 


4 


2 


4 


2 


2 


2 


4 


yx 


2 


4 


4 


4 


2 


4 


4 


4 


8 


4 


8 


8 


yt 


2 


2 


4 


2 


2 


4 


2 


4 


4 


4 


2 


4 


yxt 


2 


4 


4 


2 


4 


2 


4 


4 


8 


4 


8 


8 



Tabic 7. 





Gi3 Gi4 Gi5 G16 


y 


4 4 8 4 




4 4 8 8 


= y~^ 


4 4 8 4 


yxt = y~^x 


4 4 8 8 



Table 8. 



Proof, (a) The unique subgroup of order 4 contained in (x) is equal to (x^ ). 
Since {x"^" )^ 7^ x^" and (x^" )^ = x^" , we have C(^x){y) = {x^" ), that is 
|C(2:)(y)l = 2. But g C(^), so for aU g e {y,yx,yt,yxt} we have |G(a;)(ff)l = 

2 and then |G(^) (5) I < 8, as |G : (a;)| =4. Hence|Gg| ^ 2"-^. On the other hand the 
size of the conjugacy class Cg does not exceed the size of the commutator subgroup 
because Cg C gG'. In our groups we have |G'| = 2"~^. Consequently \Cg\ = 2""'^ 
and Gg = gG' . Finally, since the elements y,yx,yt,yxt lie in different cosets of G 
by G', we obtain G\A^yG' U yxG' U ytG' U yxiG' = G^ U Gj^^ U Cyt U Gj^^^^j. 

(b) By the defining relations (Theorem 12. 1|) for the groups G„i G Fam59 we 
have = ^i, (yx)^ = y'^x^x = 2:122, (y^)^ = y^t^t = Z1Z4 and {yxt)"^ — y'^x^t^xt = 
ziZ2Z3Z4. Using the values of z;, 1 ^ i ^ 4, we obtain the orders given in the table. 

Similarly, for the groups Gm G Fam9 we have y^ = zi, {yx^ = y'^x^x = ziZ2Z^t, 
(yt)'^ ~ y^f^t — Z1Z4 and (yxt)'^ = y^x^t^xt — ziZ2Z4t and again using the values 
of Zi, 1 ^ i ^ 4, we obtain the orders given in the table. 

Finally, for the groups of FambO we have y"^ — (y"^)** = zi and (y^)^ — Z1Z2 = 
{y~^x)'^. The orders of the considered elements are easily seen from the defining 
relations of the groups of FambO. □ 

Proposition 3.1. Let G ^ Gm e Fam9 U Fam50 U Famb9. 

(a) If A is abelian, that is m Cz {1,2, 3, 4, 7, 8, 9, 13, 14, 15}, then 

\Cl{G)\ =T-^ + 6. 

(b) If A is nonabelian, that is m £ {5,6,10,11,12,16}, then 

\Gl{G)\ = 5-2"-5 + 6. 

Proof, (a) It follows immediately from the defining relations and Lemma |3. II that 
A is abelian if and only if |C(G)| = 4. Now, if A is abelian and a € A \ C(G), 
then Gaia) - A that is \Ga\ = 2. Thus \CIg{A \ C(G))| = '^''I'^^^'l = 22il^ ^ 
2^-2 _ 2 Now the four conjugacy classes contained in G \ A, the four 1-element 
classes and the classes counted above give the formula. 

(b) For nonabelian A we have C(^) = i^'^)- The elements of C(^) \ C(G) have 
centralizers equal to A. So \GIg{{x'^))\ = + 2 = ^^^^ + 2 = 2"-^ + 1. 

The subgroup (x^, t) has index 2 in A. The set t{x^) — (x^, t) \ (x^) contains exactly 
two elements of order 2 (they form a conjugacy class of the element t) and exactly 
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two elements of order 4 (they form a conjugacy class of the element tx^ ). All 



other elements of this set form 



271- 



1 four-element conjugacy classes. 



Every conjugacy class contained in ^ \ {x'^ , t) has 4 elements. Therefore we obtain 
\Cl{G)\ = \CIg{G \A)\ + \CIg{A \ {x\ t))\ + \ClG{{x\t) \ {x^))\ + \GIg{{x^))\ + 
\C{G)\ = 4 + 2"-4 + (2«-5 + 1) + (2"-4 - 1) + 2 = 2"-3 _^ 2"-^ + 6 



□ 



Proposition 3.2. Let G = G,n e Fam9 U Fam50 U Fam59. 

(a) If A is ahelian, that is to G {1, 2, 3, 4, 7, 8, 9, 13, 14, 15}, then 

R{G) = r-^+r,n, 
where the values of r„i are given in the following table. 





Gi G2 G3 G4 


G7 Gs Gg 


Gi3 Gi4 Gi5 




20 18 16 16 


14 12 10 


12 12 8 



Table 9. 

(h) If A is nonabelian, that is to e {5, 6, 10, 11, 12, 16}, then 



R{G) = 2" 



+ rr, 



where the values of rm are given in the following table. 





G5 


Gg 


Gio 


Gil 


G12 


G16 




18 


16 


13 


13 


11 


10 



Table 10. 

Proof, (a) It is seen from Lemma f3 . 1 1 that A is abelian if and only if |C(G)| = 4. 
But C(G) ^ >1, so for a G A \ C(G) we have CG{a) = A, which is 2-generated. For 
a G C(G) we have obviously GG{a) ~ G. Therefore by the proof of Lemma f3.ir a') 
we obtain 



(6) RG{A) = 2-\GlG{A\aG))\+A-d{G)=2^-^ + - 



if m G {1,2,3,4} 

if m G {7,8,9,13,14,15} 



As it was already noted in the proof of Proposition 13.21 for g G G \ yl we have 
\Cg\ = 2"-3^ SO \Cg{9)\ = 23 and Gg{9) = (5,C(G)). If .9 has order 2 and C(G) is 
elementary abelian, then d{CG{g)) — 3. If C(G) is cyclic of order 4 (i.e. to G {4,9}) 
or g has order 4, then obviously d{GG{g)) ~ 2. Finally d{CG{g)) = 1, when g 
has order 8. Now using the formula © and the information from the tables of 
Proposition 13 . 21 we get the assertion. 

(b) It is obvious that for a G ({A)\({G) we have GG(a) = A that is d{CG{a)) = 2. 
Hence 



RGi{x'))^2- 



- 2 



2 • d{G) = 2"- 



if TO G {5,6} 

if TO G {10,11,12,16}. 



centralizer is equal to (a:^, a) = {x'^,t), which is 2-generated. For the representatives 



If the conjugacy class of an element a G t{x'^) has four elements, then obviously its 
centralize 
t and x^" 

Cait) 



t of the 2-element classes (see the proof of Proposition 13 . lb ) we have 

\x^,y,t) if TOG {5,6,11,12}, 
{x'^,xy) if TO G {10, 16} 
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and 



{x^,y,t) if TO e {5,6, 10}, 
{x^,xy) if TO G {11,12,16}. 



Thus 



2"-3 _ 4 

RG{t{x^)) = 2 + <'5 if TO e {10,11,12} 



6 if TO G {5, 6} 
5 if TOG {10 
4 if TO = 16. 



It is clear that all the elements a € A \ {x"^ , t) have order 2" ^ and by Proposition 
13.1b we have \Ca\ = 4. Thus Ccia) = (a) and, consequently, Rg{A. \ {x'^,t)) = 
\ClGiA\{x^t))\^2^"\ Finally, 



'8 ifTOG{5,6}, 
R{G) = Rg{G \ A) + 2"-^ + <( 5 if TO G {10, 11, 12} 

4 if TO = 16, 



so after counting the centralizers of the elements g G {y,yx,yt,yxt} in a similar 
way as in the proof of part (a) we get the assertion. □ 



We finish this section with counting the Quillen parameters. It was noted in 
Lemma l3. II that Vli^A) is an elementary abelian normal subgroup of G of order 4. 
Hence, if there are no elements of order 2 outside A, ^li{A) is the unique maximal 
elementary abelian subgroup of G, i.e. the Quillen parameter of G is equal to 
(0, 1, 0, 0). Since \G : A\ = 2, there is not an elementary abehan subgroup of order 
4 with trivial intersection with A. Hence, in all other cases the parameter has 
type (0,52,93,0). The values of q2 and can be easily counted by studying the 
centralizers of the elements of order 2 lying outside A and the intersections of these 
centralizers with We leave the details to the reader. 
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Proposition 3.3. If G e Fam9 U FambO U Fam59 then the Quillen parameters 
are given in the following table. 



Group 


IsoiTLorpliisni 
type of C(G) 


Quillen 
parameter 


Representatives of the conjugacy classes 
of maximal elementary abelian subgroups 




C2 X C2 


(0,0,2,0) 


Ix^ V t) (x^ vx t) 




C2 X C2 


(0,0,1,0) 


(x^" ,y,t) 


G3 


C2 X C2 


(0,1,0,0) 






Ca 


(0,3,0,0) 


(x^" \y), (x^" \yx), {x^" ^x^" "t) 


G5 


C2 


(0,1,1,0) 


(x^ , wx), (x^ , w, t) 


Ge 


C2 


(0,2,0,0) 


(x^" \t), {x^""\xyt) 


G7 


C2 X C'2 


(0,0,1,0) 


(x2""',?/,i) 


Gs 


C2 X C'2 


(0,1,0,0) 




G9 


Ci 


(0,2,0,0) 


(x2""^^), (x2""^y) 


GlQ 


C2 


(0,2,0,0) 


(x2"-^^), (x2"-^y) 


Gn 


C2 


(0,0,1,0) 




G12 


C2 


(0,1,0,0) 




Gi3 


C2 X C2 


(0,1,0,0) 




Gi4 


C2 X C2 


(0,1,0,0) 






Ca 


(0,1,0,0) 




Gie 


G2 


(0,1,0,0) 


(x2"-^y2) 



Table 11. 



4. Groups with 2-generated commutator subgroup 

In this section we describe the groups defined in Theorem 12.41 All these groups 
are extensions of a subgroup of nilpotency class ^ 2 by the cyclic group of order 4. 

Let G = G„i, 18 ^ TO ^ 27. In this section we let A be the subgroup of G 
generated by the elements xi and X2. The following lemmas are easy observations 
obtained by a straightforward computation from the presentations of groups. We 
assume that all the groups Gm have order p", where n ^ 7. 

Lemma 4.1. Let G G Fam8. Then 72(G) — {x\,X2), 73(G) = (.x^,X2), and in 
general, 72i(G) = (xf ,X2' ); 72i+i(G) = (xf ,X2'} for i ^ 1. 

Lemma 4.2. Let G G FamS. Then: 

(a) IfG^ G„, where m £ {21,22,26,27}, then A' = {zj and ((A) = 73(G); 
in all other cases A is abelian. 

(b) If 9 e {y,yxi,y-^,y~^xi,y'^xi}, then (G,g) = 72(G); if g G {?/^ 2/^x2}, then 
{G,g)^^3{G). 

(a) fli{A) is an elementary abelian subgroup of order 4 and ili{A) ^ C((A, j/^)). 

Lemma 4.3. The set G \ A splits into 7 conjugacy classes, which are y^2{G), 
yxi72(G), y''^-i2{G), 2/-ixi72(G), y'^xi'^2{G), y^73(G), y^X273(G). Moreover, first 
four classes do not contain elements of order 2. 

Proof. It is obvious that A is a normal subgroup of index 4 with the cyclic factor 
group G/A = (yA). We have also by LemmalOthat A = xi72(G)Ux273(G)U73(G). 
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Hence 

G\A^ yAUy''^AUy'^A = 

y72(G) U ya;i72(G) U y-^-f2iG) U y-^xi-f2{G)U 
y^xi72(G) U y^jsiG) U y^x2j3iG). 

By Lenima^^Ib) each of the sets from the last two hnes is a conjugacy class. Since 
yA and y~^A are elements of order A'mG/A, none of these cosets contains elements 
of order 2 and the lemma is proved. □ 

Lemma 4.4. Let G G Fam8, and let G be one of the conjugacy classes y'^xi^2{G) , 
y^lziG), y'^X2^z{G). If C consists of elements of order 2, then the family Q = 
{(f^jX^ ^ tx\ ) : g £ G} is a conjugacy class of maximal elementary abelian 
subgroups of G. Moreover \Q\ = |C|/4. 

Proof. Notice first that any two elements from different conjugacy classes listed in 
the lemma are not commuting. So they cannot lie together in an abelian subgroup. 
Further, if G is one of these classes and g £ G, then as it follows from Lemma 
I4.2r c). ((?, f2i(G)) is abelian. So by the above, if g has order 2, it is maximal 
elementary abelian. It is clear that one such subgroup contains 4 elements belonging 
to G and different subgroups determine disjoint such four-element subsets. Thus 

lei^M. □ 

Corollary 4.1. If G £ Fam8 and \G\ > 2^, then maximal elementary abelian 
subgroups of G have order not greater than 2^. If \G\ > 2^, and B is a maximal 
elementary abelian subgroup of G of order 2^, then B is not normal in G. 

The proof of the following lemma needs standard and not difficult calculations. 

Lemma 4.5. Let G G FamS. Then: 

(a) forgeC{G), Gg{9)^G; 

(b) forge (zi,z2) \C(G), Gaig) = {y^,xi,x2); 

(c) for g G 73(G) \ (zi, Z2) , Gcig) = A; 



(d)forgeA\j,{G), Gaig) 



A, if A is abelian, 

(.g, 73(G)), if A is nonabelian; 



(e) for g G y'^xi-i2{G), Gaig) = (5,21,22); 

(f) for g G y'^lziG) U y^a;273(G), Gci^g) = {h, zi, Z2), where = g; 

(g) forgi{y\A), Gcig) = {gX{G)) . 

Proposition 4.1. Let G G FamS. 

(a) If A is abelian, that is m e {18,19,20,23,24,25}, then 

|CT(G)| =9 + 22'=+^-2. 

(b) If A is nonabelian, that is m £ {21, 22, 26, 27}, then 

|GZ(G)| = 9 + 5•22'^+'^-^ 

Proof. Assume first that A is abelian. We split A into the set theoretic sum of 3 
disjoint subsets: A = ({G) U ((21,22) \ C(G)) U (^ \ (21, 22)). In C(G) we have two 
one-element classes, the set (21,22) \ C(G) forms one two-element class and finally 
in the last subset we have = 2^*^^^+"^ — 1 four-element classes. All this classes 

together with the seven classes contained in G\A give 9 + 2^'^+'^"^ conjugacy classes. 
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Now let A be nonabelian and let us split it into the set theoretic sum of 4 disjoint 
sets A = C(G) U ((zi , Z2) \ C(G)) U (73 (G) \ (zi , Z2)) U \ 73 (G)). As in the previous 
case, conjugacy classes contained in the three first sets have respectively 1, 2 and 4 
elements. Each conjugacy class contained in A \ 73(G) has 8 elements, by Lemma 



\nXd). Therefore \Cl{G)\ ^ 2+1- 



-7 = 9+5-2 



2k+e-5 



□ 



Lemma 4.6. Let G G Fam8. The conjugacy classes of G not contained in A have 
elements of order as listed in the following table. 



Groups 


G18 


G19 


G20 


G21 


G22 


G23 


G24 


G25 


G26 


G27 


A abelian 


+ 


+ 


+ 






+ 


+ 


+ 






Representatives of 






















conjugacy classes 






















y, 


4 


8 


8 


4 


8 


4 


8 


4 


4 


8 


yxi, y~^xi 


4 


8 


8 


8 


4 


4 


4 


8 


4 


8 




2 


4 


4 


2 


4 


2 


4 


2 


2 


4 




2 


4 


4 


4 


2 


2 


2 


4 


2 


4 


y'^x2 


2 


4 


2 


2 


4 


4 


4 


4 


4 


4 



Table 12. 

Proof. The order of y, y~^ and can be easily fixed by Table 4. For yxi and 
y~^a;i we have {yxi)^ = y'^x\x2^ G y'^X2'^3,{G) and similarly (y~^a;i)^ G y'^X2'yz{G). 
Further (2/^x2)^ = tit2t\t^. If ^2 = ^i, then obviously t| = f2- If ^2 = 2^2, then 
t\ = z\Z2. Now it is an easy task to fill the table. □ 

Lemma 4.7. Let G G FamS. 

(a) If A is abelian, that is m G {18, 19,20,23,24,25}, then 

Rg{A) = 5 + 22'=+'-!. 

(h) If A is nonabelian, that is m G {21,22,26,27}, then 

Rg{A) = 5 + 5 ■ 22'=+^-4. 

Proof. The only conjugacy class contained in A whose representatives have 3- 
generated centralizers is Cz^ = {z2, ziZ2}. Representatives of all other conjugacy 
classes contained in A have 2-generated centralizers. □ 

Now we are ready to count the Roggenkamp and the Quillcn parameters of all 
the groups of FamS. 

Proposition 4.2. Let G = G,„ G FamS, \G\ > 2^. Then 

( 22fc+e-l 



if A is abelian, that is m e {18, 19, 20, 23, 24, 25}, 
if A is nonabelian, that is m ^ {21,22,26,27}, 



where the values of rm are given in the following table. 





G18 


Gi9 


G20 


G23 


G24 


G25 


G21 


G22 


G26 


G27 




20 


15 


16 


19 


17 


17 


18 


17 


19 


15 



Table 13. 
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Proof. By Lemma 14.71 in order to find the Roggenkamp parameters we need to 
count minimal numbers of generators of the centralizers of the elements listed in 
Table 12. The elements y,y~^ ,yxi,y~^xi have centralizers of order 8, so if any 
of these elements has order 4, then it must have a 2-generated centralizer. If it 
has order 8, then its centralizer is cyclic. The elements y'^,y'^X2 are 2-powers and 
have centralizers of order 16 which are 2-generated. The centralizer of y^xi has 8 
elements and depending on its order it is 3-generated when its order is equal 2 and 
2-generated, when its order is equal 4. □ 

Proposition 4.3. If G ^ G,n G FamS, \G\ > 2^, then the Quillen parameter of G 
is such as it is listed in the following table. 



Group 


Quillen 
parameter 


The representatives of the conjugacy classes 
of elementary abelian maximal subgroup 




(0,0,3,0) 


{y'xiMiiA)), (2/^^!l(A)), (y^.T2,r!i(A)) 


Gig 


(0,1,0,0) 




G20 


(0,0,1,0) 


{y'x2,ni{A)) 


G21 


(0,0,2,0) 


{y'xu^iiA)), {y'x2,ni{A)) 


G22 


(0,0,1,0) 




G23 


(0,0,2,0) 


{y'xi,niiA)}, (y^^^l(A)) 


G24 


(0,0,1,0) 




G25 


(0,0,1,0) 


{y'xMA)) 


G26 


(0,0,2,0) 


{y'xi,niiA)), (y'MiiA)) 


G27 


(0,1,0,0) 


ni{A) 



Table 14. 



Proof. It was mentioned earlier that if the elements y^, y'^xi, y'^X2 have order 4 then 
fli{A) is the unique maximal elementary abelian subgroup of G and then (0, 1, 0, 0) 
is the Quillen parameter of G. If among these elements there are i elements of order 
2, i e {1,2,3}, then the Quillen parameter of G has the form (0, 0,i,0). So using 
the information from Table 12 one can easily fill Table 13. □ 

5. Groups with 3-generated commutator subgroup 

In this section we describe the groups defined in Theorem 12. 51 

Let G = Gm, 28 ^ TO ^ 43. In this section we let A be the subgroup of G 

generated by the elements xf and X2. This subgroup will play a key role in our 

computations. 

The following lemmas are easy observations obtained by a straightforward com- 
putation from the presentations of the groups. We assume that all the groups Gm 
have order p", where n ^ 6. 

Lemma 5.1. Let G e Fam7. Then 72(G) = {y'^xl, xlx2, x^) , 73(G) = {xlx2,xl), 
and, in general for to ^ 2, 72m (G) = {xl"\xl'" ), 72m+i(G) {xj"' xf , xf). 

Lemma 5.2. Let G E Fam7. Then: 

(a) j3{G)<Aand\A:j3iG)\=2; 

(b) A is normal in G and the factor group G — G j A is isomorphic to the dihedral 
group of order 8; 

(c) If G — Gm, with 36 < TO < 39, then [A, A] ~ (zi)', in all other cases A is 
abelian; 
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(d) The subgroup H — {y^,A) is the unique normal subgroup of G of index 4 
containing A] 

(e) There exist exactly 4 non-normal subgroups of G of index 4 containing A: 
Hi = {xi,A), H2 = {y^xi,A), H3 = {yx-\A), = {y^xi,A). Moreover, Hf = 
H2 and H^^ = Hi. 

Let H = $(G) = {y'^.A). Since d{G) = 2, G has exactly three maximal sub- 
groups. These are Mi = {y,H), M2 = {xi,H) and M3 = {yxi,H). It can be easily 
seen that d{Mi) = d{M2) = 2 and ^(Ms) = 3. In further considerations we will use 
the splitting of G into the following set-theoretic sum of pairwise disjoint subsets: 

G = AU{H\A)U {Ml \H)U (A/2 \H)U {M3 \ H). 

Lemma 5.3. Let G G Faml. Then 

(a) CIg{H\A) = {yh3{G),y^Xi^i^{G)}, 

(b) CIg{Mi \ H) = {2/72 (G), 2/3^2 (G)}. 

Proof, (a) Since H\A^ y^A and A = 73(G) U Xj;^73(G), we have H \ A = 
y^j3{G)liy^x^^j3{G). Now the relationsEland|i|give [G, y^] = [G^y^x^"^] = 73(G). 
Hence for g G {y^, y'^Xi^}, Cg = 373 (G). 

(b) By LemmaO H = 72 (G)U 0:^2(6), so Mi\H = yH = y72(G) Uya;^ 72(G). 
Now Gaiy) = (y,C(G)) and Caiyxj) - {yxldG)), that is for g G {y,yxl}, 
Gx| = |72(G)| and the assertion follows. □ 

The following lemma will allow us to count the Quillen parameters of all groups 
of Faml. 

Lemma 5.4. Let G = Gm be a group of Fanil . Then the set of all elements of 
order 2 of G is contained in 

ni{A)\j y Gg 

gex 

where 

X^l {2/^y^a;^^,yx^^yxj"^x| '} if A is abelian, 

I {y^ ,yx^^x\ } if A is nonabelian. 

Proof. It suffices to show, that conjugacy classes which are not represented by 
elements from X, do not consist of elements of order 2. By Lemma 15.31 elements 
belonging to Mi \ H are conjugated either to y or to y^, so their order is equal 
either 4 or 8. It can be also easily verified that elements of the set AI2 \ H have 
order equal to o{xi) = 2*^+^. So let us consider elements oi Mz\H. Since M'i\H — 
yXi^A U y^XiA and [yx^'^AY = y^XiA, we consider only elements from yx^^A. 
Let g = yx^^ {xi'^X2) be an arbitrary element of this set. First let us assume that 
Id 22'=+2 (in this case 0<r<2'=, 0<s< 2'="!). If A is abehan, then 
= tit2ti{xi'^X2Y^'^ . Since ti,t2,t/i G — X2 }, 5 has order 2 if and only 

if tit2tA = 1 = {x'^'^X2Y^''. It follows from Table 5 that for m G {29,31,33,35} 
tit2ti — zi so the subset M3\H of Gm does not contain elements of order 2. If m G 
{28, 30, 32, 34} then ^1^2*4 = 1 and then g is of order 2, when r-s = O(mod 2^-^). 
Since this congruence has exactly 2^ solutions, there exist exactly 2*"'+^ elements of 
order 2 in Af3 \ H (half of them lie in yx^^A and the second half in y^xiA). It can 
be easily checked that for m G {28,30}, Gciyxi^) = (ycc^^, y^x^^, zi, a;j'^a;2), so 
G = 2*^. The second conjugacy class consisting of elements of order 2 is the 
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class represented by yxi^zi. If m e {32,34}, then Caiyxi^) = {yxi^ , zi, Xi^X2) 
and then all elements of order 2 of M3 \ H lie in one conjugacy class. 

Now let us assume that A is nonabelian, that is m G {36,37,38,39}. For g = 

yx^ (a^i'^xl) we have 

(7) = ht2tl+'^+'zl+''-'-'^Z2xf^'-'^^x'2-'^. 

Therefore, if gi^ = 1 we have Xi'^^^~^\^~'^ € Qi{A), which says that Xi'^^^~^^ X2~^ G 
{l,Xi X2 = Z1Z2}. In particular s and r have to be of the same parity, 
and because of that = tit2t3ZiZ2X-^^'"^~^'^ X2~^ ■ Thus, as it follows from Table 
5, there is no element of order 2 in M3 \ H for G37 and G39. If G = G36 or 
G = G38 then = 1 if and only if r — s = 2'^~^(mod 2*^). This congruence has 
2^^ solutions which means, in particular, that in M3 \ H there exist exactly 2*^+^ 
elements of order 2 and they all belong to the class of the element ^ as 

Cciyx-^xf^'^) = {yx-'^xf~\zi,x^'^X2), i.e. \Cy^-i^2''-A = 2^+^- 

Finally, let |G| = 2'^''+^. Then g'^ = titl+'' [x^^ X2y-'' and so g has order 2 if 
and only if tit]^'' {x]^'^X2)''~'^ = 1, < s, r < 2*^ — 1. For arbitrary values of ti 
and t4 the last equality is valid for exactly 2*^ different pairs (s, r). Now notice that 

(ya;^^)^^^i^ = {yxi^)tit4 and {yx^^x^'' ^)y^^i^^2 = [yx^^x'^ ^)ztit4. Hence 
ti — ti implies that yx^^ has order 2, Coiyxi^) — {yx^^ , y'^x^'^, x^'^X2) and 
lG_^i| 2^+'^. Therefore all elements of order 2 of the set M^XH lie in C-i. 

If ti ^ ^4, then yXi^X2 has order 2 and similarly as in the previous case, all 
elements of order 2 of the set M3 \ H lie in the conjugacy class represented by 
yx-^ xi since Cciyx-^ x^ ) = {yx^ x^ , yx^ x^ , x^ X2). □ 

Corollary 5.1. Tables 15,16 and 11 contain full information about orders of ele- 
ments of X in particular groups. 
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G28 


G29 


G30 


G31 


G32 


G33 


G34 


G35 


y' 


2 


2 


4 


4 


2 


2 


4 


4 


2 -2 

y x^ 


2 


2 


2 


2 


4 


4 


4 


4 


yxi^ 


2 


4 


2 


4 


2 


4 


2 


4 


yxi X2 


2 


4 


2 


4 


2 


4 


2 


4 



Table 15. 













.9 


G4O 


G41 


G42 


G43 




G36 


G37 


G38 


G39 






2 


4 


2 


4 


y' 


2 


2 


4 


4 






2 


2 


4 


4 


yxi X2 


2 


4 


2 


4 




yxi^ 

— 1 2*°"^ 

2/2; ;^ 2^2 


2 


2 


4 


4 












4 


4 


2 


2 



Table 16. Table 17. 



Now, similarly as in the case of FamS we can use it for building maximal ele- 
mentary abelian subgroups and counting the Quillen parameters for our groups. 
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Proposition 5.1. Let G = Gm G Faml. Then the Quillen parameter of G is such 
as in the following table 



Group 


111 1 1 1 1 OTl 
UiliCll 

parameter 


of TYidxiTTicil eleffientdTy abeliaTi subgroups 


G2S 


(0,0, 1, 1) 




G29 


(0,0,2,0) 


(y'',ni{A)), {y'x^'',ni(A)) 


G^o 


(0,0,0,1) 




G31 


(0,0,1.0) 


{V^x-,\D.M)) 


G32 


(0,0,2.0) 




G33 


(0,0,1,0) 




G34 


(0,0,1,0) 


{yx^',n^{A)) 


G35 


(0,1,0,0) 


^i{A) 


G:ui 


(0,0,2,0) 


(j/2,fii(A)), {yx^\r\^^{A)) 


G37 


(0,0,1,0) 




G38 


(0,0,1,0) 


{yx^'xt\^i{A)) 


G39 


(0,1,0,0) 


MA) 


G40 


(0,0,3,0) 


{y',nM)).{v'<',MA)),{yx^',y'x^-\z) 


G41 


(0,0,2,0) 


{y'x-\ni{A)),{yx-',y^x^'\z) 


G42 


(0,1,1,0) 


{y'',MA)),{yx^^xf~\z) 


G43 


(0,2,0,0) 


ni{A),{yx:['^xf~\z) 



Table 18. 



For counting the numbers of conjugacy classes and the Roggenkamp parameters 
we need much more detailed considerations than in the previous families. 



Lemma 5.5. Let G e Faml. 

(a) If \G\ = 22'=+3, then \GIg{A)\ = 2"^^-^ + 2'="! + 2^-^ + 1; 

(h) If \G\ = 22*^+2 and A is abelian, then |C«g(^)| = 22'=-" + 2*^-1 + 1; 

(c) If \G\ = 22*^+2 and A is nonahelian, then 

\GIg{A)\ = 22*^-5 + 22^-7 + 2'=-2 + 2*^-3 + 2'=-^ + 1. 



Moreover, 

BMA)-i 2|C;g(A)| if |G|= 22^^+3, 
^G(A) - \ 2\CIg{A)\ + 1 if |G|=22'=+2. 

Proof, (a) Since A is abeUan and \G : A\ = 8, each conjugacy class of G con- 
tained in A has at most 8 elements. For a noncentral element g of ^li{A) = 
((^2)2 ^) we have Coig) — {y'^,xi,X2) ~ {y'^,xi) and then \Cg\ = 2. For 

g e A \ ili{A), gy^ = g~^h ^ g, where h G {l,z}. Hence ^ Ccig) and 
because of that \G : Ccig)] ^ 4, which says that cither Ccig) = A or Ccig) = 
H, for certain i € {1,2,3,4}. Thus for g E A \ f^i(A), \Cg\ < 4 if and only 
if 5 e T = Ca{xi) U CaIv^xi) U CA{yxi) U Cciy-^xi). Straightforward compu- 
tations show that CaIxi) = (xf,r2i(A)), CA{y'^xi) = {x2,^li{A)), CA{yxi) = 
{xlx2^), CAiy^xi) = {x\x2). It is clear that ^^(2^1) n ^^(y^a^i) — ^i{A) and 
CA{yxi) n CA(y3xi) = ((x2x2)2'"') < ni(A). Hence \Ca{xi) U GA{y^xi)\ = 
2fe+2 _ 4, \CA{yxi) U CA{y^xi)\ = 2*=+! - 2 and so \T\ = 2*^+2 + 2'=+^ - 8. The set 
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T is of course a normal subset of G and it contains three conjugacy classes having 
less than 4 elements, namely {e}, {{x\x2)^ } and {{x\Y }. Therefore 

\CIg{T)\ = 3 + 2''+^+2^''+^-i2 = + 2''-\ All other elements of A He in 8-clement 
conjugacy classes. So we have 2^'' -2''+-^-2''+^+8 ^ 22fe-3 _ 2*^^^ - 2*'^^ + 1 such 
classes. Consequently |CTg(^)| = 22*=--* + 2'^' - 2'^-^ + i = 22^-3 + 2'=-^ + 2''-^ + 1. 

(b) Similarly as in the proof of the first case for a G ^, |Ca| = 4 if and only 
if Ccia) is one of the five subgroups of index 4 containing ^. If a ^ ili(A), then 

= a~^t, where t G so H is not a centralizer of an element from A\il.i{A). 

If Ccia) = Hi, then a G (xl) = Ai. Since (xD^ = 0:2*3*4, Ccia) = H2 for a G 
(2:2*3*4) = ^2- Further, if CG(a) = ffs, then a G (.Tj~^.T2, = i?i and similarly 

Ccia) = Hi, if a G {xiX2,ni{A)) = B2. Since Ai^la = A and = \A2\ = 2^ 
we obtain |Ai D A2I = 2. Analogously, |/4 : B1B2I = 2 and \B\\ = \B2\ = 2^, 
so \Bx n B2I = 4. Hence |Ai U ^2! = 2*^+1 - 2, |Bi U S2I = 2'=+^ - 4 and from 
1(^1 U A2) n (Si U ^2)1 = 2 we obtain |Ai U A2 U Si U S2I = 2*=+^ - 8. Since 
U A2 UBi US2 contains all elements, whose conjugacy classes have no more than 
4 elements, we obtain 3 + - — = 2'^ 4-element classes. Each of all other classes 
contained in A has 8 elements. So we have 2^*= ^-^2''+^+8 _ 22*:-4 _ 2fe-i _|_ i g^^h 
classes. Finally we obtain |Cfe(^)| = S^'^"'* + 2*^ - 2'="! + 1 = 2^'"'^ + 2^'^ + 1. 

(c) It is clear that A is nonabelian only when that is when G G 
{G36, G37, G38, G39}. In this case the action of G on is similar to the action 
of G on A in the previous case, that is when A is abelian and \A\ = 2^^~^ . So 
\CIg{A^)\ = 22'=~^ + 2'^~2 + l. Conjugacy classes which are contained in ^\^2 have 
either 8 or 16 elements. Since for every g G A \ , Cg = Cg,^ and C,{G) = (zi), 
images of these classes in G = G/({G) have twice less elements and images of 
different classes are different. By (a) |GZg,(I\ I^)] = (22^-5 + 2'=-2 + 2''-^ + 1) - 
(22fc-7^2'=^-3 + 2*^-4 + 1) = 22'=^-5- 22*^-^ + 2'=^-3 + 2*^-4^ Therefore |GZg(^\^^)| = 

22fe-5_22fe-7_j_2fe-3_|.2fe-4_j_22fe-6_j_2fc-2_|_]^ 22*^-5 _|_22'=-7_|.2fe-2^2'^~^ + 2*^"'* + 1 

For the proof of the last assertion it is enough to notice that d{M2) = 2, d{M3) = 
3 and if g G Oi(A) \ C(G), then 



Cg{9) 



'M2 if |G| = 22fe+3, 
Ms if |G| = 22fe+2. 



All other elements of A have centralizers equal to Hi for some i, 1 < i < 4, or to 
G. All these groups are 2-generated. □ 

Lemma 5.6. Let G G Fam7 and let x G M2 \ H. 

(a) If \G\ = 22'=+3, then Gg(x) = {x,Qi{A)) and \C^\ = 2''+\ Moreover, 

\CIg{M2 \H)\=2'' and Rg{M2 \H) = 2^=+^ 

(b) If\G\ = 22'=+2, then Cg{x) = {x) and \C^\ = 2>'+^. Moreover, 

\CIg{M2 \ H)\ = 2'=-! = iiG(M2 \ H). 

Proof. Since M2 \ i? = xiA U y'^xiA and {xiA)y = xp'xxA, it suffices to count \Cx\ 
for X G x\A. Put x = xix\^X2 G xiA. \i g G G centralizes x then 3 = gA centralizes 
X = xA in G = G/A that is ^ G {y^,xi). Now, it follows from properties of G 
that g = y^a ot g = y^xia or g G {xi,A) for suitable a = x'i^X2 G A. None of the 
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elements of the form either g — y^a or g — y^xia centrahzes x. In fact, 
where ai £ fli{A). Shiiilarly, 

So in both cases we obtain x ^ x^ . Therefore we assume that g e (xi, A). In this case 
we need only to describe Ca{x). For x = xi it was done in the proof of Lemma l5.5l 
For the general case the calculations and conclusions are similar. So for a) we obtain 
Cg{x) = {x,ni{A)) and d{CG{x)) = 2. Hence |C^| = = 2'=+i. This means 

that \CIg{M2 \H)\ = ^^I^ = 2^- and Rg{M2 \ H) = 2\CIg{M2 \ H)\ = 2^+\ 

For b) the proof of Lemma lS. 51 yields Cg{x) — (x) (and of course d{CG{x)) — 1). 
Thus I CIg (M2 \H)\ = = 2''- 1 = i?G {Ah \H). □ 

For counting the ccntralizcrs of elements of AI:i\H notice that A/3\iJ = yx^^AU 
y'^xiA, (yxi^A)'-^^ — y^xiA and (y'^xiA)^^ — yxi^A. So it suffices to study only 
these conjugacy classes which are represented by elements of the form g = yxi^a, 
where a = x^^x?^ 6 A. 

Lemma 5.7. Let G £ FaraJ and let A be abelian. If g £ yx^^A, then 

{xjx^^) if \G\ = 22fe+3, 
{xlx^\zi) if |G|=22^-+2. 

Proof. For every h — £ A we obtain from the relations of the group and the 

relations ^ that 

y — ■^l )tl\-^l -^2 ) ~ tJ'^l ■^2 '•4 ■^l ■^2 ~ i/'^l ■^2 '•4 

lrr-'^\h _ ^-w -I n. 
K-^l I — ■^2 1 '''2 

Therefore 

{yx-'f 

(8) 

Hence for every a = x\^X2 & A, h = ^^"x^ centralizes yx^^a if and only if 
(x?a;2)"+"' = 1. This means for the case \G\ = 2"^^+^ that u + w ^ 0(mod2'=) 
Consequently h = {x^'^X2T and then CAiyx-^^a) = ((xj^^xa)). If |G| = 2'^''+'^, 
then we get u + w = 0(mod2'^~^) or equivalently u + w ~ or 2'^^^(mod 2'^'). 
Hence h = (xj~^X2)"' or /i = (x5~^X2)'"zi. Finally (^^(yx^^a) = (xj"^X2,zi). □ 

The centralizer of the image of g = yx^^a in the factor group G = G/Ais equal 
to {'g,y'^)- So we need also to check for which g € j/xj~ A there exist elements in 
y^A centralizing g. 



CA{yx^ ^a) 



_ T,-l„2iUi- 



iyxl^"+-'>x^-+-t^n{x^'xrtin - 

y-^X -^l -^2 4 2 4 / — 

yxj;^(x?x2)"+"' 
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Lemma 5.8. Let G = Gn £ FarnJ and let A he abelian. 

(a) Ifne {28,29,30,31} and g £ {ya;j"S } or n E {32,33,34,35} and 
g£{yx^^xl ,yx'[^X2^ }, then Caig) ^ {g,y'^X2^ ,x^^X2,xl ). 

(b) Ifn e {40,41,42,43} and g G {yx^\yx^^xf''}, then Ccig) = {g,y^x:^\ 

X^'^X2). 

(c) If g G yx^^A is not conjugated to elements distinguished in (a) and (b) then 

CG{g)^{g,x^'x2,aG)). 

(d) ClG{M:i\A) = 2^-^ + 1. 

Proof. It follows from Lemma [5.71 that in all the cases |Cyi(g)| = 2^ for all g G 
yXi'^A. It is also easily seen that G CA{g) and for every h £ A, (y^h)^ G Ca(5)- 
Thus if Caig) = (g, y^h, C^(5)), then |Cg(5)| = 2"+^ and so 

f2'= for |G| = 22fe+2, 
'^'"\2^-+i for |G| = 22'=+3. 

All other conjugacy classes have 2*^+^ and 2*^+^ elements in the cases \G\ = 2^'^+^ 
and \G\ = 2^''+^ respectively. 

Now let h ~ x'^X2 and a — xf'x2 be arbitrary elements of A. As it was seen in 
the proof of Lemma 15.71 

yy'^ = / = Z/xf "+"')x2-"+-t4-"- 

Moreover 

{x^^)y^^ = = (tix^ixi)^?"^ = {tiX2^XiY^ = 

and 

lA — \^tt^ -j^ i/j 2 y — 2 4 — 4 

Hence 

(9) yxr^(x?a;2)"+'^'+H4 i(a-H^^) = 

Since ti,t/^ G C(G), we obtain that if y^h G Cciyxi'^a), then G (xf a;2, CIG)}. 
If \G\ = 22'^+'^, then the subgroup {x\x2tC,{G)) is cyclic of order 2*^. Therefore for 
every a € A satisfying G {x\x2,C,{G)) we can find w and w such that y'^{x\"x2) G 
CciyXi^a). There exists exactly 2'^+-'^ possible values for a, because a can be an 
arbitrary element of {x1x2, il.i{A)). It is an easy task to show that for g — yxi^ , 

Cg = {yx^\xlx2Y : r = 0, 1, . . . , 2^= - 1}U 
{y^x^\x^''x2r : r = 0,l,...,2'=-l} 

and for g — yx^^x^ , 

Cg= {yx^\xlx2Yxt'" : r = 0, 1, . . . , 2'= - 1}U 
{y^x^\x^^X2rxt" : r = 0, 1, . . . , 2^ - 1}. 
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Both classes contain obviously all elements of yxi^A having centralizer of order 
2fc+2_ All other elements g £ M3 \ H have centralizers of the form {g,Xi'^X2), 
because no element from the coset y^A centralizes g. 

Now assume that \G\ = 2^*^+^. Then (2:^x2, C(G)) — {xiX2,zi) is not cyclic and 
if for a — x\^X2 we have e {x\x2, zi), then a e {x\x2, ^2{A)). Since we assumed 
in the beginning of this section that \G\ ^ 2^ we have k > 2 and then in Q we 
obtain r + s = O(mod 2). If titi = 1 then y'^h G Ccig), g — yxi a, if and only if a 
belongs to {xiX2,i^i{A)) which is of order 2*^. So there exist in yx^^A exactly 2*^ 
elements with the centralizers of order 2*^+^. It is clear that they are divided into 
two conjugacy classes as for such g we have \Cg n yx^^A] = 2*^"-^. It is also clear 
that the elements yx^^ and yx^^zi are not conjugated and if g is one of them then 
C^cig) — (S; y^2^2^^; ^i(^))- ^11 othcr elements have the centralizers of the form 
(g, CA{g)) that is of order 2'=+i. 

If tit4 = zi, then y^h G Coig), g = yx^^a, if and only if a belongs to 
{xiX2,^2{A)) and = zi. So there exist again 2'^ possible values for a. Let 
o = X2^ , u — and w = —1. Then from we obtain 

(yxi a;=^2 )^ ^2 = ya;/^^ zi=yx^^x^ 

Since the elements yx^^x^ and yx^^x^^ are not conjugated the conjugacy 
classes of them contain all the elements with the centralizers of order 2'^+^. All 
other elements have the centralizers of the form {g,CA{g)) that is of order 2*''+^. 

For the proof of (d) let us notice that if \G\ = 2^*^+^ then we have 2 conjugacy 
classes having 2'^+-'^ elements. All other classes have twice more elements. Since 
IM3 \H\ ^ 22'=+! we have 2 + ^'"'^^^I'^f*^ = 2''-^ + 1 conjugacy classes. The 
calculation for the case \G\ = 2^'^+^ is similar. 

□ 

Lemma 5.9. Let G = G„ G Fam7, \G\ = 2"^^+^+", where e G {0,1}. If A is 
ahelian, then 

if n G {28,30} 

(M \m - i " ' " ' " if nG {32,34} 
Rg{M^\H)-<^ 2^ + 4 if nG {29,31,33,35} 

if n G {40,41,42,43} 

Proof. First assume that \G\ = 2'^''+^ i.e. n G {40,41,42,43}. E g = yx^^ or g = 
yXi^X2 then Ccig) — {g ^ y"^ x^"^ , Xi"^ X2) by Lemma l^^ b). Thus d^Ccig)) — 3. 
Hence it remains to consider conjugacy classes contained in M3 \ H containing 
neither yx^^ nor yxi^x\ . Let 17 be a representative of such a class. It follows from 
Lemma l5in^ c^ that Ccig) — {g, x\x2)- Thus this centralizer is either 2-generatcd or 
cyclic. Put g = yx'^'^ {x\^ X2) ■ So g^ = {x\x2'^Y^^tit/^ and then Ccig) is cyclic if and 
only if r — s is invertible in Z2fc. There are exactly 2^*^"^ such elements. Since they 
split into conjugacy classes, each having 2*^+^ elements in yx^^A, we have 2*^^^ such 
classes that their representatives have cyclic centralizers. Representatives of other 
classes contained in M3 \ H have 2-generated centralizers. Therefore by Lemma 

Eld) 

RciMs \H) ^6 + 2^-^ + 2 • {2^'-'^ - 1) 2*^"^ + 2^"-^ + 4. 
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Now assume that |G| = 2^*^+^. If g is one of the elements distmguished in Lemma 
I5.8r a') then Ccig) — {g, y^x^^, a:fa;2, zi) and then d{CQ{g)) = 4 if and only if o(g) — 
o{y'^X2^) — 2. It follows from Table 12 that this happens for the groups G28 and G30 
only. In all other cases we have d^Ccig)) — 3. So it remains to consider conjugacy 
classes contained in M^\H not containing elements distinguished in Lemma lS^HT a). 
It follows from Lemma l5.8f c) that Ccig) = X2tZi). Thus this centralizer is 

either 2-generated or 3-generated. Put g = yxi^{xl^X2). So g"^ = tit2tA{xi'^ X2Y~'^ , 
and then Caig) is 2-generated if and only if tit2ti — zi or tit2ti — 1 and s — r 
is invertible in ^2^-1. By Table 5 ^1^2*4 = zi in Gm if m £ {29,31,33,35} only. 
So in these groups d{GG{g)) = 2. If to G {28,30,32,34}, then ^1*2^4 = 1 and we 
have exactly 2^*^^^ such elements g that r — s is invertible. Since they split into 
conjugacy classes having 2'^ elements from yx^^A we have 2^~^ such classes that 
their representatives have 2-generated centralizers. Representatives of other classes 
contained in A/3 \ H have 3-generated centralizers. Therefore the Roggenkamp 
number of \ H is equal to 



Rg{M3\H) = 



2 • 2'=^2 _^ 3 ■ (2'=-2 
2 • 2*^-2 + 3 . (2'=-2 
2 • (2'=-i - 1) + 6 



6 = 




TO e {28,30}, 
TO e {32,34}, 

TO 



e {29,31,33,35}. 



□ 



Proposition 5.2. If G is a group of F ami with A ahelian then 

22fe-4 ^ 3 . 2^-1 + 6 if |G| = 22fe+2, 



\Gl{G)\ 



i2fe-3 



9-2 



k-2 



6 if |G| = 22fe+3. 



Proof. For the proof it is enough to count the conjugacy classes described in lemmas 
I5.3H5.8I We gather this information in the following table. 



Subset 


|G| = 2^'^+^ 


|G| = 22'=+^ 


A 


22*;-4 _^ 2*^-1 + 1 


22/0-3 ^ 2*-! + 2''"2 I 


H\A 


2 


2 


Ml \ H 


2 


2 


M2 \ H 


2^-1 




M3 \ H 


2"-^ + 1 


2"-! + 1 


E 


22*;-4 _^ 2*^ + 2*^-1 +6 


22/C-3 _^ 2"+'^ + 2"-'^ + 6 



Table 19. 



□ 



Proposition 5.3. Let G = Gn be a group of F ami and let A he ahelian. Then 
22fc-3 + 11 . 2*^-2 +r„ if 
22'=-3 + 5-2'^-i+r„ if 

22fe-2 _^ . 2fe-2 _^ if n G {40,41,42,43}. 



R{G) 



n e {28,30,32,34}; 
n e {29,31,33,35}; 



where rn for all the groups is given in the following table: 
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G28 


G29 


G30 


G31 


G32 


G33 


G34 


G35 


G40 


G41 


G42 


G43 


18 


16 


16 


14 


14 


15 


12 


13 


15 


13 


15 


13 



Table 20. 



Proof. For centralizers of representatives of conjugacy classes we need to count 
numbers of generators in minimal generating sets. First we list centralizers of 
representatives of conjugacy classes contained in M2 \A= {M2 \H)U{H\A). The 
element g appearing in the centralizer of y^a;^^ is one of the elements defined in 
Lemma l5.8l 



g 


CG{g) 


G28 


G29 


G30 


G31 


G32 


G33 




{yMA)) 


2 


2 


2 


2 


2 


2 


2 -1 
y ^2 




4 


3 


4 


3 


3 


2 


y 


(2/, 2i) 


2 


2 


1 


1 


2 


2 




(2/, 21) 


2 


2 


1 


1 


2 


2 




E 


10 


9 


8 


7 


9 


8 



Table 21. 



g 


Caig) 


G33, G34 


G40 , G42 


G41, G43 




{y,^i{A)) 


2 


2 


2 






2 


3 


3 


y 


{y,zi) 


1 


2 


1 


y' 


{y,zi) 


1 


2 


1 




E 


6 


9 


7 



Table 22. 



Now the sum of numbers from the appropriate columns of the above tables and 
formulas counted for Rc{A), Rg{M2\H) and RGiM3\H) in Lemmas 15.5115.61 and 
15.91 gives the formulas of the proposition. □ 

Lemma 5.10. Let \G\ ~ 2^*^+2 and let A be nonabelian. 

(a) If either g ^ yx^^ or g = yx^^xf ' then Caig) = {g, xjx^^ ,y^x^'^ ,ni{A)} 
and \Cg\ = 2''. 

(b) If g £ M3 \ H is not conjugated neither to yx^^ nor to yx^^x^ then 
Ccig) = {g,xlx2\z,) and \Cg\ = 2^+^. 

(c) \CIg{M3 \ H)\ = 2^-2 ^ 2^-3 + 1. 

Proof. Because of similar reasons as in the proof of Lemma 15.81 we study classes 
represented by elements of the form g = yxi^x\^X2 only. Since Ccig) / CiG) < 
GG/c{G){gC{G)) by Lemma lF^HT bl there are no elements centralizing g in (Mi\i/)U 
{M2 \ H). Let h — x\^''X2 e A be an arbitrary element. Then by straightforward 
computations 

(10) .g'* = 
Hence h e Gaig) if and only if 

(11) M + w = 0(mod2'') or u + w = 2''"^(mod 2*^) 
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and 

(12) ur + ws + u = Q{mod2). 

If r and s are of different parity then each solution of is also a solution of (|12|l . 
In this case there are no elements centralizing g in H \ A. Otherwise the image of 
g in G — G/C.{G) would have such a centralizer which is not possible by Lemma 
IS-Sf b). The number of elements of yx^^A of the form g = yx^'^xf'x'^ such that r 
and s are of different parity is equal to 2^*^^^. The centralizer of such g has order 
2^^+^, so \Cg\ = 2'"'+^. Half of elements of Cg lie in yx^^A. Thus we have just 
^ = 2*^^^ of such classes. Note that in this case Gg ^ Cgz^ {g and gzi are not 
conjugated), the images of Gg and Ggz-^ in G are equal and have the same size as 
Gg. Hence there are 2^^^^ conjugacy classes in G which are images of classes just 
considered. In M3 \ A there are 2*^^^ + 1 classes. So we have to fix images of which 
classes of M3 \ A are the remaining classes. 

If r and s are of the same parity, then odd solutions of Hll|) does not satisfy 
H12|l . Moreover in this case g is conjugated to gzi (gr^i^^ — gzi). So images in G 
of different such classes are different but they have twice less elements. Hence we 
have just 2'=-2 + 1 - 2'"'^ = 2'"'^ + 1 of such classes. Therefore Glai^h \A) = 
2k-2 ^ 2'=-3 + 1. □ 

Lemma 5.11. Let \G\ = 2^*^+^ and let A he nonabelian. If k > 3, then 

p ^Af \ m-J + + + 4 if Ge{G36,G38}, 
Rg[M3 \ if) - I ^k-i + 2^-2 + 4 if G e {G37, G39}. 

// = 3, then for G £ {G36,G38}, RciM^ \ H) = 10 and for G G {G37,G39}, 
Rg{M3\H)^8. 

Proof. Wc consider only the case k > 3. We give only sketch arguments because 
detail calculations arc similar as in previous proofs. First let g be one of the elements 
yxi^ and yXi^X2 . The images of the classes represented by these elements in 
G = G/C,{G) are different by Lemma I5.8r bl and have centralizers of the form 
{g,G^{g),y^h), where h £ A. So the centralizer of g is also of this form. If n G 
{37,39}, then both elements have 3-generated centralizers. If n G {36,38}, then 
one element have 3-generated centralizer and the other one 4-generated centralizer. 

Now let g = yx~^ xf^ X2 G yx~^A be an arbitrary element with r, s of different 
parity. Accordingly to the proof of Lemma 1^31 there exist 2*^"^ classes represented 
by elements of this form. By Gaig) = {g, x^'^'^x^, zi) , so by JT)) it is 2- 

generated, since Xi'^"x2 G {g,zi). 

We have still to consider the remaining 2''~^ — 1 classes. If n G {37, 39} then 
all representatives of these conjugacy classes are 2-generated. So assume that n G 
{36, 38}. Let g = yx~^xj'"a:| G yx~^A be an arbitrary element with r, s of the same 
parity. If s — r is divisible by 4 then Gcig) — {g, x^^x\, zi) is 3-generated. There 
exist 2'^"'* — 1 such classes. If s — r is not divisible by 4 then Gaig) is 2-generated 
and there exist 2'^"'* such classes. 

Summarizing, if n G {37, 39} then RaiMs \H)^6 + 2- 2^-"^ + 2 ■ {2^-^ - 1) = 
2fc-i ^ 2^-2 _^ 4 jf g |3g^ ^j^gjj Ra{Ms \H) = 7 + 2- 2^""^ + 3 • {2^-^ - 1) + 
2 • 2'="** = 2^-^ + 2''"2 2^'"^ -f 4. 

□ 
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Proposition 5.4. Let G be a group of Fam7, \G\ = 2^'^'+^. If A is nonabelian then 
\Cl{G)\ = 5 • 22*^-7 + 21 • 2*^-4 _^ 

Proof. It follows from Lemmas 15.31 15.51 15.61 and I5.1UI that 

3 

\Cl{G)\ = \CIg{A)\ + \GIg{H \ ^)| + ^ \CIg{M, \H)\ = 

(22fc-5 + 2^'^-'' + 2*-^"^ + 2*-^"^ + 2*^"^ + 2^^^ + 1) + 2 + (2 + 2^^^ + 2'="2 + 2^~'^ + 1) 
which is equal to the formula given in the proposition. □ 

Proposition 5.5. Let G = Gm be a group of Farnl , \G\ = 2^*^+2. If A is nonabelian 
and k > 3, then 

,^ , / 5 • 22'=-6 + 35 • 2*^-4 + if me {36,38}, 
^ ~ \ 5 • 22'=-6 + 17 . 2'=-3 + if me {37,39}, 

where rag = 16, r^-j = 15, rag = 14 and r^g — 13. For k ^ 3 we have R{G3e) = 38, 
i?(G37) = 35, RiGss) = 36, RiG^g) = 33. 

Proof Note that if n G {36,38}, then Rg{H \ A) ^ 5. If n G {37,39} then 
Rg{H\A) = 4. We have also RaiMiXH) = 4 for ti G {36, 37} and Rg{Mi\H) = 2 
for n G {38,39}. Now using the formulas obtained in Lemmas 15.51 15.61 and 15.91 we 
get the formulas of the proposition. □ 
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